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Abstract
We investigate the entanglement dynamics of two initially entangled qubits interacting independently with two uncorrelated reser-
voirs beyond the Markovian approximation. Quite different from the Markovian reservoirs [C. E. Lo´pez et al., Phys. Rev. Lett.
101 (2008) 080503], we find that entanglement sudden birth (ESB) of the two reservoirs occurs without certain symmetry with
respect to the entanglement sudden death (ESD) of the two qubits. A phenomenological interpretation of entanglement revival is
also given.
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1. Introduction
The entanglement dynamics of open quantum systems has
attracted considerable interests over recent years [1]. By inves-
tigating a system of two qubits interacting independently with
their corresponding vacuum reservoirs, Ref. [2] has pointed
out the sudden termination of the entanglement initially owned
by the two qubits at a finite interval, which is called entangle-
ment sudden death (ESD). This intriguing phenomenon has re-
cently been demonstrated experimentally by linear optics sys-
tems [3, 4] and by atomic ensembles [5]. A great deal of theo-
retical investigations of ESD have so far been reported [6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. For example, based
on the same model as in Ref. [2], it was found that ESD re-
garding the qubits would always occur under the thermal and
squeezing reservoirs [8, 9]. Meanwhile, studies of ESD have
been extended to multi-particle systems [10], which indicated
the delay of ESD time with more qubits involved. In addition,
some studies have also showed that entanglement of qubits will
revive in the case of a commonly shared reservoir 1 [11, 12] or
of independent non-Markovian reservoirs [13, 14, 15].
A question naturally arises: where has the lost entanglement
gone when ESD occurs? An answer to the question has been
given recently by [7]. Considering the systems and the reser-
voirs as a whole, Ref. [7] presented the lost entanglement to
be transferred to reservoir degrees of freedom, which is called
”entanglement sudden birth” (ESB) of the reservoirs. Intrigu-
ingly, ESD of the systems and ESB of the reservoirs are of some
∗Corresponding author. Tel.: 011+8627-8719-9580
Email address: mangfeng@wipm.ac.cn (M. Feng)
1We are aware of two very recent papers: Phys. Rev. A 79 (2009) 012301
and Phys. Rev. A 79 (2009) 042302 which addressed similar topics in entan-
glement revival of two qubits shared with a common reservoir.
symmetry and ESB might be occurring before, simultaneously
with or even after ESD, depending on different initial states.
However, the discussions in [7] are restricted to the weak cou-
pling regime under the Markovian approximation, which only
works when the reservoir correlation time is small compared to
the relaxation time of the system [20]. If the qubit is strongly
coupled to its environment or the characteristic time of the sys-
tem is shorter than the environmental correlation time [20, 21],
such as in recent experiments with cavity QED system [22] or
solid-state systems [23, 24], the situation would be much com-
plicated and we have to give up the Markovian approximation
in treatment.
The present paper is focused on the study of entanglement
dynamics without the Markovian approximation for two qubits
interacting, respectively, with two independent reservoirs. For
the initial condition with the two qubits entangled, we will study
ESD and ESB, and show their different variation from the Marko-
vian treatment.
2. Physical model
We consider a two-qubit system coupling to two uncorre-
lated vacuum reservoirs at zero temperature. Since there is no
interaction between the two pairs of qubit-reservoir, the dynam-
ics of the whole system can be obtained simply from the evo-
lution of the individual pairs [7, 13]. The Hamiltonian of the
individual qubit-reservoir pair under the rotating wave approx-
imation is given by (~ = 1),
H = ω0σ+σ− +
N∑
k=1
ωka
+
k ak +
N∑
k=1
gk(σ−a+k + σ+ak), (1)
where ω0 is the resonant transition frequency of the qubit be-
tween levels |0〉 and |1〉, with σ+ = |1〉 〈0| and σ− = |0〉 〈1|,
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ωk, a
+
k (ak), gk are the frequency, creation (annihilation) oper-
ator and the coupling constant for the kth mode of the reser-
voir. For simplicity in our treatment, only one excitation of
the reservoir will be considered. Consequently, the initial state
|Ψ (0)〉 = C0(0)|1〉q|˜0〉r +∑Nk=1 Ck(0)|0〉q|1k〉r will evolve to
|Ψ (t)〉 = C0(t)|1〉q|˜0〉r +
N∑
k=1
Ck(t)|0〉q|1k〉r, (2)
where |˜0〉r =
⊗N
k=1 |0k〉r , and |1k〉r, an abbreviation of
⊗N
j=1, j,k |0 j〉r |1k〉r,
is the reservoir state with one excitation in the kth mode and
other states in vacuum. Assuming the initial conditions C0(0) =
1 and Ck(0) = 0, we could obtain the following equation by
solving the Schro¨dinger equation of Eq. (2),
˙C0(t) = −
t∫
0
dt′F(t − t′ )C0(t′ ), (3)
where the correlation function F(t − t′ ) in the limit of N →
∞ is of the form F(t − t′ ) =
∫
dωJ(ω)ei(ω0−ω)(t−t′ ) with J(ω)
the spectral density of the reservoir. In what follows, we will
consider in our calculation the Lorentzian spectral distribution
J(ω) = γ02pi γ
2
(ω0−ω)2+γ2 [20], in which γ0 ≃ τ
−1
0 and γ ≃ τ−1r , with
τ0 and τr the qubit relaxation time and the reservoir correlation
time, respectively [20]. In a non-Markovian regime, γ0 > γ/2,
i.e., the reservoir correlation time is longer than the relaxation
time of the qubit, and γ0 < γ/2 means a Markovian regime
[20]. As a result, in the non-Markovian regime, the probability
amplitude can be easily solved as
C0(t) = e−
γt
2
[
cos(Γt
2
) + γ
Γ
sin(Γt
2
)
]
, (4)
with Γ =
√
γ(2γ0 − γ). If we set ˜C(t) =
√
1 − C0(t)2, Eq. (2)
can be rewritten as
|Ψ (t)〉 = C0(t)|1〉q|˜0〉r + ˜C(t)|0〉q|˜1〉r, (5)
with |˜1〉r =
[∑N
k=1 Ck(t)|1k〉r
]
/ ˜C(t) (N → ∞).
3. Entanglement dynamics
We will employ concurrence [25] to assess entanglement.
In the case of the density matrix with the ”X” type
ρ =

a 0 0 w
0 b z 0
0 z∗ c 0
w∗ 0 0 d
 , (6)
the concurrence could be easily calculated by [26]
C (ρ) = 2 max{0, |z| −
√
ad, |w| −
√
bc}. (7)
We consider that the two qubits are initially entangled and
the two reservoirs are in zero-temperature vacuum states, which
is described as [2],
ρ (0) = 13

α 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1 − α

q1q2
⊗ |˜0〉r1 |˜0〉r2 . (8)
Using Eq. (5), we could straightforwardly reach the reduced
density matrices for the two qubits,
ρq1q2 (t) =
1
3

αC40 (t) 0 0 0
0 αC20 (t) ˜C
2(t) +C20 (t) C
2
0 (t) 0
0 C20 (t) αC
2
0 (t) ˜C
2(t) + C20 (t) 0
0 0 0 α ˜C4(t) + 2 ˜C2 (t) + 1 − α

, (9)
for the two reservoirs,
ρr1r2 (t) =
1
3

α ˜C4(t) 0 0 0
0 αC20 (t) ˜C
2(t) + ˜C2 (t) ˜C2(t) 0
0 ˜C2 (t) αC20 (t) ˜C
2(t) + ˜C2 (t) 0
0 0 0 αC40 (t) + 2C
2
0 (t) + 1 − α

, (10)
for the qubit-1 and reservoir-1,
ρq1r1 (t) =
1
3

0 0 0 0
0 (1 + α)C20 (t) (1 + α)C0(t) ˜C(t) 0
0 (1 + α)C0(t) ˜C(t) (1 + α) ˜C2(t) 0
0 0 0 2 − α

, (11)
and for the qubit-1 and reservoir-2,
ρq1r2 (t) =
1
3

αC20 (t) ˜C
2(t) 0 0 0
0 C20 (t) + αC
4
0 (t) C0 (t) ˜C(t) 0
0 C0 (t) ˜C(t) ˜C2(t) + α ˜C4(t) 0
0 0 0 2 − α + αC20 (t) ˜C
2(t)

. (12)
As Eqs. (9)-(12) are all of the ”X” types, the concurrence of
the partitions q1−q2, r1−r2, q1−r1 and q1−r2 can be calculated
directly using Eq. (7). In addition, Eq. (7) also implies that the
ESD time of the qubits or the ESB time of the reservoirs can be
obtained from |z| −
√
ad = 0 and |w| −
√
bc = 0. However, as we
could not solve them in an explicitly analytical way, numerical
calculations are given below instead.
4. Numerical results and discussions
Fig. 1 shows the entanglement dynamics of q1 − q2, r1 − r2,
q1−r1, and q1−r2 in the non-Markovian regime with γ = 0.1γ0.
In Fig. 1(a), there are three regimes for entanglement variance
regarding the two qubits: for α . 0.3, no ESD will occur; for
0.3 . α . 0.4 there will be entanglement revival after ESD
takes place; as for α & 0.4 entanglement will vanish forever at
a finite interval [13]. In contrast to the behavior regarding the
two qubits, there are only two α−dependent regimes for entan-
glement variance regarding the two reservoirs: ESB or no ESB,
as shown in Fig. 1 (b). But no matter in which regime, the
two reservoirs will finally be entangled in a time-dependently
oscillating manner. The entanglement transfer 2 is done step by
step from the qubits to the reservoirs, which is reflected in Figs.
1(c) and 1(d) with the entanglement variance regarding the par-
titions q1− r1, q1− r2 etc. . The partitions q1− r1, q1− r2 behave
as something like relays, which get and release entanglement
in an oscillating way. Meanwhile the r1 − r2 entanglement is
enhanced also in the oscillating way.
2To avoid misunderstanding, we would like to mention that the term ”en-
tanglement transfer” used in the present paper means the appearance of a lost
entanglement in some other degrees of freedom, e.g., qubit-reservoir, reservoir-
reservoir etc. due to complicated couplings between the qubits and the environ-
ment. This is quite different from in Refs. [27, 28, 29, 30, 31, 32] etc., where
”entanglement transfer” is referred to the movement of entanglement from the
flying qubits to static qubits by some operations.
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Figure 1: (Color online) Concurrence as a function of α and γ0t for Eqs. (9)-(12) in the non-Markovian regime with γ = 0.1γ0.
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Figure 2: (Color online) Concurrence as a function of γ0t with α = 0.35 for Eqs. (9)-(12) in different coupling intensities where the green (grey) solid lines mean
the Markovian case with γ = 5γ0; the blue curves correspond to the non-Markovian cases with γ = 0.1γ0 (solid lines) and γ = 0.05γ0 (dashed lines) respectively.
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To see more clearly and also to make comparison with the
Markovian treatment, we have plotted Fig. 2 for the entan-
glement dynamics with α = 0.35 (tES D > tES B) . In the non-
Markovian regime, e.g., γ = 0.05γ0, when ESD occurs at γ0t ≃
8, the entanglement of the qubits has been transferred to other
partitions, e.g., r1 − r2, q1 − r1, q1 − r2 etc. . In more details, we
may first visualize that within an interval γ0t ∈ [0, 5.5), in which
the entanglement transfer from qubit-qubit to qubit-reservoir is
greater than that from qubit-reservoir to reservoir-reservoir de-
grees of freedom, and the entanglement of qubit-reservoir and
reservoir-reservoir are both increasing. Then from the critical
point γ0t ≃ 5.5, the qubit-reservoir entanglement begins to be
decreasing until γ0t ≃ 11, at which the entanglement of qubit-
reservoir has been totally transferred to the reservoir degrees of
freedom. However, in contrast to the case of Markovian reser-
voirs with the entanglement fully transferred to the reservoirs
at one time, due to the memory effect of the non-Markovian
reservoirs, entanglement will partially be recoiled to the qubit-
reservoir degrees of freedom, or even back to the qubit-qubit
degrees of freedom. As a result, revival of entanglement takes
place [13, 14]. This back and forth process will repeat until the
entanglement of the qubits have been completely moved to their
corresponding reservoirs. Finally, the reservoirs are entangled.
Moreover, Fig. 2 also presents that, the stronger the qubits cou-
pling to their reservoirs, the more evident the non-Markovian
memory effects.
5. Conclusions
In summary, we have investigated two-qubit entanglement
affected by the decoherence from non-Markovian reservoirs. In
contrast to the smooth decay of the qubit entanglement in the
case of Markovian reservoirs, the entanglement of the qubits
will revive after ESD occurs in the non-Markovian case. Mean-
while, by means of the qubit-reservoir partitions as the relays,
the reservoirs will be asymptotically entangled in an oscillat-
ing manner, which is a good interpretation of entanglement re-
vival of qubits in the non-Markovian reservoirs. We argue that
our present study would be useful for quantum information sci-
ence. For example, the solid-state qubits in systems with strong
correlation always experience strong decoherence [21, 23, 24].
So quantum information processing on any qubit in such sys-
tems should be affected by detrimental influence from the non-
Markovian reservoir. Moreover, fast logic gating is necessary
in quantum information processing. As the characteristic time
of the system during the fast gating is very short, we have to
consider the non-Markovian effect from environment in assess-
ing the operational fidelity. We have noticed recent studies on
non-Markovian reservoir from the microscopic way [33, 34].
Our present work from the phenomenological viewpoint, how-
ever, could explain some experimental observations of entan-
glement loss regarding qubits more straightforwardly. On the
other hand, entanglement is the unique resource in quantum in-
formation science. As no system could be completely isolated
from external noise, it is of interest to understand what happens
in the entanglement transfer from the system to the environ-
ment, although whether the reservoirs are entangled or not is
actually of no practical application with current technology.
Acknowledgements
The work is supported by NNSF of China under Grants No.
10774163 and No. 10774042.
References
[1] T. Yu and J. H. Eberly, Science 323 (2009) 598.
[2] T. Yu and J. H. Eberly, Phys. Rev. Lett. 93 (2004) 140404.
[3] M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P. Walborn, P. H.
Souto Ribeiro, and L. Davidovich, Science 316 (2007) 579.
[4] A. Salles, F. de Melo, M. P. Almeida, M. Hor-Meyll, S. P. Walborn, P. H.
Souto Ribeiro, and L. Davidovich, Phys. Rev. A 78 (2008) 022322.
[5] J. Laurat, K. S. Choi, H. Deng, C. W. Chou, and H. J. Kimble, Phys. Rev.
Lett. 99 (2007) 180504.
[6] T. Yu and J. H. Eberly, Phys. Rev. Lett. 97 (2006) 140403.
[7] C. E. Lo´pez, G. Romero, F. Lastra, E. Solano, and J. C. Retamal, Phys.
Rev. Lett. 101 (2008) 080503.
[8] M. Ikram, F.-L. Li, and M. S. Zubairy, Phys. Rev. A 75 (2007) 062336.
[9] A. Al-Qasimi and D. F. V. James, Phys. Rev. A 77 (2008) 012117.
[10] L. Aolita, R. Chaves, D. Cavalcanti, A. Acı´n, and L. Davidovich, Phys.
Rev. Lett. 100 (2008) 080501.
[11] Z. Ficek and R. Tanas´, Phys. Rev. A 74 (2006) 024304.
[12] Z. Ficek and R. Tanas´, Phys. Rev. A 77 (2008) 054301.
[13] B. Bellomo, R. L. Franco, and G. Compagno, Phys. Rev. Lett. 99 (2007)
160502.
[14] B. Bellomo, R. L. Franco, and G. Compagno, Phys. Rev. A 77 (2008)
032342.
[15] S. Maniscalco, F. Francica, R. L. Zaffino, N. L. Gullo, and F. Plastina,
Phys. Rev. Lett. 100 (2008) 090503.
[16] B. Bellomo, R. L. Franco, S. Maniscalco, and G. Compagno, Phys. Rev.
A 78 (2008) 060302.
[17] S. Maniscalco, S. Olivares, and M. G. A. Paris, Phys. Rev. A 75 (2007)
062119.
[18] X. F. Cao and H. Zheng, Phys. Rev. A 77 (2008) 022320.
[19] F.-Q Wang, Z.-M. Zhang, and R.-S. Liang, Phys. Rev. A 78 (2008)
062318.
[20] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems,
Oxford University Press, Oxford, 2002.
[21] A. V. Khaetskii, D. Loss, and L. Glazman, Phys. Rev. Lett. 88 (2002)
186802.
[22] F. Dubin, D. Rotter, M. Mukherjee, C. Russo, J. Eschner, and R. Blatt,
Phys. Rev. Lett. 98 (2007) 183003.
[23] F. H. L. Koppens, D. Klauser, W. A. Coish, K. C. Nowack, L. P. Kouwen-
hoven, D. Loss, and L. M. K. Vandersypen, Phys. Rev. Lett. 99 (2007)
106803.
[24] D. Mogilevtsev, A. P. Nisovtsev, S. Kilin, S. B. Cavalcanti, H. S. Brandi,
and L. E. Oliveira, Phys. Rev. Lett. 100 (2008) 017401.
[25] W. K. Wootters, Phys. Rev. Lett. 80 (1997) 2245.
[26] T. Yu and J. H. Eberly, Quantum Inf. Comput. 7 (2007) 459.
[27] M. Paternostro, W. Son, and M. S. Kim, Phys. Rev. Lett. 92 (2004)
197901.
[28] M. Paternostro, W. Son, M. S. Kim, G. Falci, and G. M. Palma, Phys.
Rev. A 70 (2004) 022320.
[29] J. Lee, M. Paternostro, M. S. Kim, and S. Bose, Phys. Rev. Lett. 96 (2006)
080501.
[30] J. Zou, G. L. Jun, S. Bin, L. Jian, and S. L. Qian, Phys. Rev. A 73 (2006)
042319.
[31] F. Casagrande, A. Lulli, and M. G. A. Paris, Phys. Rev. A 75 (2007)
032336.
[32] F. Casagrande, A. Lulli, and M. G. A. Paris, Phys. Rev. A 79 (2009)
022307.
[33] J.-H. An, and W. M. Zhang, Phys. Rev. A 76 (2007) 042127.
[34] M. W. Y. Tu and W. M. Zhang, Phys. Rev. B 78 (2008) 235311.
4
